Variation of constants formula for hyperbolic systems by Lichtner, Mark
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 0 < x < l 
 t > 0
(SH)
⎧⎪⎪⎨
⎪⎪⎩
∂
∂t
(
u(t, x)
v(t, x)
)
= K(x) ∂
∂x
(
u(t, x)
v(t, x)
)
+ H(x, u(t, x), v(t, x)),
u(t, 0) = E v(t, 0), v(t, l) = Du(t, l)
u(0, x) = u0(x), v(0, x) = v0(x),
$ u(t, x) ∈ Rn1 6 v(t, x) ∈ Rn2 6 K(x) = diag (ki(x))1≤i≤n     
  - !
!	
 
 ki ∈ C1 ([0, l],R)6 ki(x) < 0 ! i = 1, . . . , n1 
 ki(x) > 0 ! i = n1+1, . . . , n =
n1 + n26 
 D = (dji) 1≤i≤n1
1≤j≤n2
6 E = (eij) 1≤i≤n1
1≤j≤n2
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(H0)
⎧⎪⎪⎨
⎪⎪⎩
∂
∂t
(
u(t, x)
v(t, x)
)
= K(x) ∂
∂x
(
u(t, x)
v(t, x)
)
,
u(t, 0) = E v(t, 0), v(t, l) = Du(t, l)
u(0, x) = u0(x), v(0, x) = v0(x).
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X ⊂
{(
u
v
)
| u : ]0, l[ → Rn1, v : ]0, l[ → Rn2
}
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0
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X :=
{(
u
v
)
∈ C([0, l],Rn1+n2) | u(0) = Ev(0), v(l) = Du(l)
}
.
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 		   Γti : [0, l] → R   	    

		 	
d
dt
γi(t) = −ki(γi(t)),
	 Γtix 	  	 γi(t) 	 			 		 γi(0) = x  	 	 t  
x   t∗ := min
{
t ∈ R | ∃1≤i≤n1Γti(0) = l ∨ ∃n1+1≤j≤nΓtj(l) = 0
}
  
 0 ≤ t ≤ t∗
 	
 T (t)  (H0) 	 
   

T (t)
(
u0
v0
)
=
(
u
v
)
,
*

 
 1 ≤ i ≤ n1
ui(x) = u0i(a), 	 Γ
t
i(a) = x,
ui(x) =
n2∑
j=1
eijv0j(aj), 	 Γ
t0
i (0) = x, t1 = t− t0 > 0, Γt1j (aj) = 0, 1 ≤ j ≤ n2,
 
 1 ≤ j ≤ n2
vj(x) = v0j(a), 	 Γ
t
n1+j
(a) = x,
vj(x) =
n1∑
i=1
djiu0i(ai), 	 Γ
t0
n1+j
(l) = x, t1 = t− t0 > 0, Γt1i (ai) = l, 1 ≤ i ≤ n1.
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A = K · ∂x, D(A) =
{(
u
v
)
∈ X | A
(
u
v
)
∈ X
}
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X := {x∗ ∈ X∗ | lim
t↓0
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C
 
X = D(A∗), '*(
$ A∗    9 
 !  
 A !   	2 T A6 KB
 L = 2
 
    !	
 
 Λ 
 C([0, l],Rn)  2
 
	
 ;	 $  ! L
 	 μ : B→ Rn6 :
 
  σ # !  
B6  
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dμ f ! f ∈ C([0, l],Rn).
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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 l
}
.
7
Ku(x) := diag (ki(x))1≤i≤n1 , Kv(x) := diag (ki(x))n1+1≤i≤n .
 		 ([ζ ], [η]) ∈ D(A∗)  A∗ ([ζ ], [η]) = ([ρ], [σ]) 	   	 
 	


	 ρ˜ ∈ [ρ] σ˜ ∈ [σ] 	 	
ρ˜(l) + σ˜(l)D = 0, (ρ˜(0)E + σ˜(0))D = 0

[ζ(·)] =
[
−
∫ ·
0
ρ˜(x)K−1u (x) dx
]
, [η(·)] =
[∫ ·
0
(ρ˜(0)E + σ˜(0)− σ˜(x))K−1v (x) dx
]
. 'E(

 %	22 ([ζ ], [η]) ∈ D(A∗) 
 A∗ ([ζ ], [η]) = ([ρ], [σ]) 5  
 
∀(u, v) ∈ D(A) :
〈
([ζ ], [η]), A
(
u
v
)〉
=
∫ l
0
dμζ Ku ∂xu +
∫ l
0
dμηKv∂xv '(
=
∫ l
0
dμρu +
∫ l
0
dμσv
= (ρ(l) + σ(l)D)u(l)− (ρ(0)E + σ(0)) v(0)
−
∫ l
0
ρ ∂xu dx−
∫ l
0
σ ∂xv dx.
  
 
 222  2  ! 2
  $ 
 	 
(ρ(l) + σ(l)D) = 0. 'K(
7 (un)n∈N   ;	
 !  
 	
 2 ! [0, l]  
 Rn1  
Ku∂xun −→n→∞ χ[s1,t1]eui ,
un(0) = ∂xun(0) = ∂xun(l) = 0.
$ 0 < s1 ≤ t1 < l6 χ[s1,t1] 
     !	
 
    
 [s1, t1] 

eui    i 

     
 R
n1
 	   vn : [0, l] → Rn2 $ 
Kv∂xvn −→n→∞ χ[s2,t2]cn,
vn(0) = ∂xvn(0) = ∂xvn(l) = 0,
1
$  	
  cn ∈ Rn2    
   	
 
  
 vn(l) = Dun(l)
5

cn −→n→∞
(∫ t2
s2
K−1v (x) dx
)−1
D
∫ t1
s1
K−1u (x) dx e
u
i =: c.
 
	 
 (un, vn) ∈ D(A) 
   
 
 (un, vn)  
 '(6 	 
  
 = 

'K(6 
 2 
 n →∞ $ 
(ζ(t1)− ζ(s1)) eui + (η(t2)− η(s2)) c = −
∫ t1
s1
ρ(x)K−1u (x) dxe
u
i −
∫ t2
s2
σ(x)K−1v (x) dxc.
<

∀0≤s1≤t1<l : ζ(t1)− ζ(s1) = −
∫ t1
s1
ρ(x)K−1u (x) dx. '+(
% 
 $ 	  2
 
 '1( ζ   
 
		  x = 06 	      9	2 
x = l D 
 '+( 
 'K( $  ! '( ∀(u, v) ∈ D(A) :
∫ l
0
dμηKv∂xv = − (ζ(l)− ζ(l−))Ku(l)∂xu(l)− (ρ(0)E + σ(0)) v(0)−
∫ l
0
σ ∂xv dx. '(
M (un, vn) ∈ D(A)   ∂xun(l) = 06 Kv∂xvn →n→∞ evjχ[s1,t1]6 $ evj ∈ Rn2  
 j 	
    
 Rn2 
 0 ≤ s1 ≤ t1 < l M6 	 -  $  vn(l) →n→∞ 06
vn(0) →n→∞ −
∫ t1
s1
K−1v (x) dx e
v
j  8	 
 	 (un, vn)  
 '( 
 2 
     
$ 6  
 η     
 
		  
 l6
∀0≤s1≤t1≤l : η(t1)− η(s1) =
∫ t1
s1
(ρ(0)E + σ(0)− σ(x))K−1v (x) dx. '(
 '( 
 '( $ 
∀(u,v)∈D(A) : (ζ(l)− ζ(l−))Ku(l)∂xu(l) + (ρ(0)E + σ(0))Du(l) = 0.
<

ζ(l) = ζ(l−),
 '+(  !  s1, t1 ∈ [0, l]6 

(ρ(0)E + σ(0))D = 0.
 [ζ ] 
 [η]  ! 
 'E( $  !     
 !  	
‖μζ‖V ar = ‖ρ˜K−1u ‖L1([0,l]),
‖μη‖V ar = ‖ (ρ(0)E + σ(0)− σ˜)K−1v ‖L1([0,l]).
E
<
 5  
 '*(    X   9	  2 ! L
 	 $ 

 L1 
 .
X =
{
(μ, ν) ∈ X∗ | μ(A) =
∫
A
ρ(x) dx, ν(A) =
∫
A
σ(x) dx, (ρ, σ) ∈ L1([0, l],Rn), A ∈ B
}
,
$ ‖μ‖V ar = ‖ρ‖L1 6 ‖ν‖V ar = ‖σ‖L1   2

 		 X 	 	
	  L1([0, l],Rn)  
 (ρ, σ) ∈ L1([0, l],Rn) 
(
u
v
)
∈ X
  	
	 	 	 
〈(ρ, σ),
(
u
v
)
〉X∗ =
∫ l
0
ρ(x)u(x) dx +
∫ l
0
σ(x)v(x) dx.
  !$  X∗ := (X)∗ 
   

 : $  L∞([0, l],Rn) D 
    
 :
 
  

   
	 

j : X → X∗, 〈jx, x〉 := 〈x, x〉X∗ ,
  
  
	 
 ! X  
 L∞([0, l],Rn) )6      !$ 
	 T = T ∗|X 
 T
∗ = (T)∗ 
 L1 
 L∞6 2   
6 !
(
u
v
)
∈ X
 T (t)
(
u
v
)
=:
(
uˆ
vˆ
)
 5
 ! (ζ, η) ∈ L1([0, l],Rn)  X $ 
〈T(ζ, η),
(
u
v
)
〉 = 〈(ζ, η),
(
uˆ
vˆ
)
〉 =
∫ l
0
ζ(x)uˆ(x) dx +
∫ l
0
η(x)vˆ(x) dx
=
∫ l
0
ζˇ(x)u(x) dx +
∫ l
0
ηˇ(x)v(x) dx,
$ ζˇ    
   ! 
 ζ   ! $     2 −Ku 
 -
 

 x = l $  ηD6  $ 	 2    H 
 ηˇ    
   ! 
 η  
  $     2 −Kv 
 -
 
  x = 0 $  ζE6  $ 	 2 
  H 
 D 
   
 

T(ζ, η) = (ζˇ , ηˇ).

(
f
g
)
∈ L∞([0, l],Rn)  X∗ 
 (ζ, η) ∈ L1([0, l],Rn)  X $ 
〈T∗
(
f
g
)
, (ζ, η)〉 = 〈(ζˇ , ηˇ),
(
f
g
)
〉 =
∫ l
0
ζˇ(x)f(x) dx +
∫ l
0
ηˇ(x)g(x) dx
=
∫ l
0
ζ(x)fˆ(x) dx +
∫ l
0
η(x)gˆ(x) dx.

< fˆ 
 gˆ  :
  uˆ 
 vˆ  
 
  $ 
 
 L∞ %
T∗
(
f
g
)
=
(
fˆ
gˆ
)
.
  2

 	 'L2
 
 ! X∗ 
 T∗(	 X∗ 	 	
	  L∞([0, l],Rn)
! 
 
 T∗  X∗ 	 	  
 T 	 
		 "# $ T∗ 	 % 
	  T  L∞([0, l],Rn)
  !	  
 82  
    !$  t → T∗z (z ∈ X∗)   


 
		  ! 
 
  ! z ∈ X 5  
  T   F-  
 X.
X = j(X)  X.
	 

 		 T∗ : X∗ → X∗ 	  
 	   &
 

   !$ 
  2

 		   f : [0, T ] → X∗  
 	   '
 	

t →
∫ t
0
T∗(t− s)f(s) ds '(
	 
 	    	 X
7 E   &
$
 ! 
 	
 F-   	2 A6 7 6 210B    
 2 
  2! $   
 	 	
 F-  .

 7 T2(t)   -
 
 ! T (t) 
  2 L
2([0, l],Rn)6 :
   
 82 
 
  5
 T2(t)   
 
 
		 	  A2 
    
:
   

$   
 D(A2) = {(u, v) ∈ W 1,2([0, l],Rn) | u(0) = Ev(0), v(l) = Du(l)}
% 
 f : [0, T ] → X∗   
 
 
		6  -   ;	
 fk : [0, T ] → X∗ !
 2   fk → f 	
 ! 
 [0, T ] $  2   
 ! X∗ 

  	2  $ ∫ ·
0
T∗(· − s)fk(s) ds =
∫ ·
0
T2(· − s)fk(s) ds ∈ C([0, T ],D(A2)) ↪→ C([0, T ], X).
% 
 $  ! t ∈ [0, T ]∥∥∥∥
∫ t
0
T∗(t− s) (f(s)− fk(s)) ds
∥∥∥∥
X∗
≤ sup
r∈[0,T ]
‖T∗(r)‖L(X∗)T‖f − fk‖C([0,T ],X∗)
  !$  '( 
  C([0, T ], X)
7 E  	  G:
  
 
K
  
 
    
 $ 	 G:
  
  
 2  - 
6 	
 ;	
 
 >
 ?
    !  	 
 2  
 X  $  - 
 !    F$ 

X ! (SH) G	  7 E 
 7 *  2! $&  !$   

  ! CG
 
  !$ 
 	2 
 
 H .
  		 (    	
	 H : ]0, l[×Rn → Rn H = H(x, z) x ∈ ]0, l[
z = (u, v) ∈ Rn 	)  Ck *
+
 		 k ≥ 1 	,
•  
 a.a. x ∈ ]0, l[ H(x, ·) ∈ Ck(Rn)  H(·, z) 	 
 
  z ∈ Rn
•  
   K ⊂ Rn 
 	   M > 0  
∥∥∥∂iH(x,z)∂zi
∥∥∥ ≤ M 

0 ≤ i ≤ k  z ∈ K  a.a. x ∈ ]0, l[
•  
   K ⊂ Rn   > 0 
 	  δ > 0   
  z1 ∈ K
z2 ∈ Rn 	 ‖z1 − z2‖ < δ  a.a. x ∈ ]0, l[  
∥∥∥∂kH(x,z1)∂zk − ∂kH(x,z2)∂zk
∥∥∥ < 
C
 !   
 
 ! 	 
  2 X  $    	
 	 X∗   

  !$ 
  2
 		 - H 	)  Ck *
+
 		   .	% 


H (u, v) (x) := H(x, u(x), v(x)) 	  Ck   
 X 	 X∗
 	 'D
 ;	  - 
(	  
 
(
u0
v0
)
∈ X 
 	  δ > 0 '
	   ‖
(
u0
v0
)
‖X H  T (t)   (SH)   	  	(
u
v
)
∈ C([0, δ], X) 	 u(0) = u0 v(0) = v0

 7 0 < δ < 1  7 E  2
G
(
u
v
)
(t) := T (t)
(
u0
v0
)
+
∫ t
0
T∗(t− s)H(u(s), v(s)) ds '*(
2 C([0, δ], X)  
  ! G:
   	2
Bδ :=
{(u
v
)
∈ C([0, δ], X) | ! t ∈ [0, δ]
∥∥∥∥
(
u
v
)
(t)− T (t)
(
u0
v0
)∥∥∥∥
X
≤ 1
}
.
+
% 
 H    7 2 = 
 X $  	  
 X∗  -  L > 06 2
 
 



∥∥∥∥
(
u0
v0
)∥∥∥∥
X
6 H 
 T (t) 	   ! z1, z2 ∈ Bδ 

‖G(z1)(t)− G(z2)(t)‖X ≤ δL ‖z1 − z2‖C([0,δ],X) . '0(
	 H    	
  -  M > 0 	  ! z ∈ Bδ∥∥∥∥G
(
u
v
)
(t)− T (t)
(
u0
v0
)∥∥∥∥
X
≤
∥∥∥∥
∫ t
0
T∗(t− s)H(u(s), v(s)) ds
∥∥∥∥
X∗
'1(
≤ Mδ ! t ∈ [0, δ] .
5! '0( 
 '1(    ! 	@ 
  δ > 0 G 2 Bδ  
  ! 

  
 
  
 
 
 22 
  G   :- 2 
  

Bδ
 	 'L	 (	  
(
u
v
)
∈ C([0, T ], X)    	  (SH) 	
			 
(
u0
v0
)
∈ W 1,p(]0, l[ ,Rn) p ∈ ]1,∞[ 
(
u
v
)
∈ C([0, T ],W 1,p(]0, l[ ,Rn)) ∩
C1([0, T ], Lp(]0, l[ ,Rn))  (SH)  	  	 

 7 Tp(t)   -
 
 ! T (t) 
  2 L
p([0, l],Rn)6 :
   
 82
  
  Tp(t)   
 
 
		 	  Ap 
    
:
   

$   
 D(Ap) = W 1,p(]0, l[ ,Rn) ∩X 7 h > 0 
 0 ≤ t < t + h ≤ T(
u
v
)
(t + h)−
(
u
v
)
(t) = (T (h)− I)T (t)
(
u0
v0
)
+
∫ t
0
T∗(t− s) (H(u(s + h), v(s + h))− H(u(s), v(s))) ds
+
∫ h
0
T∗(t + h− s)H(u(s), v(s)) ds
	
(
u
v
)
∈ C([0, T ], X)  -  L > 0  
‖H(u(s + h), v(s + h))− H(u(s), v(s))‖Lp([0,l],Rn)
≤L ‖(u(s + h), v(s + h))− (u(s), v(s))‖Lp([0,l],Rn) . 'E(
<
 ∥∥∥∥
∫ t
0
T∗(t− s) (H(u(s + h), v(s + h))− H(u(s), v(s))) ds
∥∥∥∥
Lp([0,l],Rn)
=
∥∥∥∥
∫ t
0
Tp(t− s) (H(u(s + h), v(s + h))− H(u(s), v(s))) ds
∥∥∥∥
Lp([0,l],Rn)
≤L sup
r∈[0,T ]
‖Tp(r)‖
∫ t
0
‖(u(s + h), v(s + h))− (u(s), v(s))‖Lp([0,l],Rn) ds.

)6∥∥∥∥(T (h)− I)T (t)
(
u0
v0
)∥∥∥∥
Lp([0,l],Rn)
=
∥∥∥∥
∫ h
0
Tp(s)Tp(t)Ap
(
u0
v0
)∥∥∥∥
Lp([0,l],Rn)
≤ h sup
r∈[0,T ]
‖Tp(r)‖
∥∥∥∥Ap
(
u0
v0
)∥∥∥∥
Lp([0,l],Rn)
,

∥∥∥∥
∫ h
0
T∗(t + h− s)H(u(s), v(s)) ds
∥∥∥∥
Lp([0,l],Rn)
≤
∥∥∥∥
∫ h
0
T∗(t + h− s)H(u(s), v(s)) ds
∥∥∥∥
X∗
≤ h sup
r∈[0,T ]
∥∥T∗(r)∥∥ ‖H(u, v)‖C([0,T ],X∗) .
<
  -  c > 0  ∥∥∥∥
(
u
v
)
(t + h)−
(
u
v
)
(t)
∥∥∥∥
Lp
≤ hc + c
∫ t
0
∥∥∥∥
(
u
v
)
(s + h)−
(
u
v
)
(s)
∥∥∥∥
Lp
ds.
#22 
 ,
$ 7    t →
(
u
v
)
(t)   7 2 = ! [0, T ]  
 Lp 
'E( t → H(u(t), v(t))   7 2 = ! [0, T ]  
 Lp % 
 1 < p < ∞  2 Lp  
F- 6  $ 
H(u, v) ∈ W 1,∞([0, T ], Lp([0, l],Rn)).
5
  
  	2  A6 82  
 0E6 21B $  !
z(t) :=
∫ t
0
T∗(t− s)H(u(s), v(s)) ds =
∫ t
0
Tp(t− s)H(u(s), v(s)) ds

z ∈ C([0, T ],D(Ap)) ∩ C1([0, T ], Lp(]0, l[ ,Rn)) 
 d
dt
z(t) = Apz(t) + H(z(t)).
 z0 ∈ X  ω = ω(z0) ∈ ]0,∞] 
  -    	2  $   	 
 $ 
 
    z0 - 6  
ω(z0) := sup{t ∈ R |  -     	 
 z ∈ C([0, t], X) $  z(0) = z0}.
5 !$ 
    
 
;	
 ! 5 **
 		  
  z0 ∈ X 	

ı) ω(z0) = ∞


ıı) ω(z0) < ∞  limt↑ω(z0) ‖z(t)‖X = ∞ 
 z : [0, ω(z0)[ → X   
	 	 z(0) = z0

 		   z ∈ C([0, T ], X)    	  (SH)   T   

	  	
 U  z(0) 	 X   
  y0 ∈ U 
 	   	
y ∈ C([0, T ], X)  (SH) 		 y(0) = y0

 	   c > 0   
  y0 ∈ U
‖z(t)− y(t)‖X ≤ c ‖z(0)− y0‖X .

 7 M := sup0≤r≤T ‖T (r)‖ + 1 
 L   7 2 = 

 ! H 
  {
x ∈ X | ‖x‖X ≤ 1 + sup0≤r≤T ‖z(r)‖X
}
 5
 ! t ∈ [0, T ] 	  sup0≤r≤t ‖y(r)‖X ≤
1 + sup0≤r≤T ‖z(r)‖X $ 
‖y(t)− z(t)‖X ≤ M ‖y0 − z0‖X +
∫ t
0
ML ‖y(s)− z(s)‖X ds.
,
$N  
;	   
‖y(t)− z(t)‖X ≤ MeLMT ‖y0 − z0‖X . '(
%
U :=
{
y ∈ X | ‖y − z0‖X < M−1e−LMT
}
.
<
 ! y0 ∈ U 
 t ∈ [0, T ] ‖y(t)‖ < 1 + ‖z(t)‖ 
 '( 
%	22  -   $& 	 
 z ∈ C([0, T ], X) ! (SH) 5
  
  5
 *E  -  
 2
 
  U ! z(0)  
 X   $ 
 :
  	 

2
St : U → X, St(y0) := y(t) (t ∈ [0, T ]). 'K(
 	 '%  F$ 22(	  
  t ∈ [0, T ]   St : U → X 	 Ck
   (t, u) → Stu 	 	 
 [0, T ]× U 	 X   
		
DSt 	)  	
(
h˜u(t)
h˜v(t)
)
= DSt
(
hu
hv
)
,
(
h˜u(t)
h˜v(t)
)
= T (t)
(
hu
hv
)
+
∫ t
0
T∗(t− s)DH(u(s), v(s))
(
h˜u(s)
h˜v(s)
)
ds.

  z =
(
u
v
)
∈ C([0, T ], X) 
  
    z0 =
(
u0
v0
)
∈ X  2 G(z)6
:
  
 !	 '*(6 2 C([0, T ], X)  
  ! '7 E( 5 2 = 
2

 
 z0 $ $  G(z, z0) G:

F : C([0, T ], X)×X → C([0, T ], X), (F(z, z0)) (t) := (G(z, z0)) (t)− z(t).
 	2 
 !  z0 ∈ U  ;	 
 F(z, z0) = 06 z ∈ C([0, T ], X)6   	
 ;	
	 
 z = γ(z0)

G   Ck ! C([0, T ], X)×X  
 C([0, T ], X) 
 $  ! hj ∈ C([0, T ], X)6 1 ≤ j ≤ k6
t ∈ [0, T ]
(
∂jG
∂zj
(z, z0)h1 . . . hj
)
(t) =
∫ t
0
T∗(t− s)DjH(z(s))(hi(s))1≤i≤j ds. '+(
 
6 ! j = 1 $ 
I := G(z + h1, z0)(t)− G(z, z0)(t)−
∫ t
0
T∗(t− s)DH(z(s))h1(s) ds
=
∫ t
0
T∗(t− s)
[
−DH(z(s))h1(s) + H(z(s) + h1(s))− H(z(s))
]
ds
=
∫ t
0
T∗(t− s)
∫ 1
0
[
−DH(z(s)) + DH(z(s) + θh1(s))
]
h1(s) dθ ds
5!6   	
 ! 
 
	  !     ! H 
 2 6  G:
 
 
 *6 $ 
‖I‖C([0,T ],X)
‖h1‖C([0,T ],X)
≤
∫ t
0
∥∥T∗(t− s)∥∥L(X∗)
∫ 1
0
‖−DH(z(s)) + DH(z(s) + θh1(s))‖L(X,X∗) dθ ds
‖h1‖C([0,T ],X)↓0−→ 0.
  
	 
 
  
 '+( ! 1 ≤ j ≤ k
# 
 = 
 ! 
 :- 2 
    
∂F
∂z
  
  2  !
C([0, T ], X) 
  !.  
6 	 w ∈ C([0, T ], X)    
 5
 ! h ∈ C([0, T ], X)
 ;	 

∂F
∂z
(z, z0)h = w   ;	 
  Ph = h6 $ P : C([0, T ], X) → C([0, T ], X)6
(Ph) (t) =
∫ t
0
T∗(t− s)DH(z(s))h(s) ds− w(t).
5 -   

 M > 06 2
 
 
 
 T (t),H, z6   ! h1, h2 ∈ C([0, T ], X)
‖Ph1(t)−Ph2(t)‖X ≤ Mt ‖h1 − h2‖C([0,T ],X) .
8 
 $  P2 = P ◦ P $  ‖(P 2h1)(t)− (P 2h2)(t)‖X ≤ (Mt)
2
2
‖h1 − h2‖C([0,T ],X)
  
	 
 ∥∥P ih1 − P ih2∥∥C([0,T ],X) ≤ (MT )
i
i!
‖h1 − h2‖C([0,T ],X) .
5	 ! i 	@ 
  P i    
 
 
 C([0, T ], X)
 22 
   2   !	
 
  $   γ    Ck  2 ! U  

C([0, T ], X)
*
 		   x ∈ U → S ·x ∈ C([0, T ], X) 	 Ck 
5 !	  
 5 * 
    
 = F$
(
h˜u(t)
h˜v(t)
)
= DSt
(
hu
hv
)
  
$& 	 
 !   
 = 
(LH)
⎧⎪⎪⎨
⎪⎪⎩
∂
∂t
(
h˜u(t, x)
h˜v(t, x)
)
= K(x) ∂
∂x
(
h˜u(t, x)
h˜v(t, x)
)
+ DH(x, u(t, x), v(t, x))
(
h˜u(t, x)
h˜v(t, x)
)
,
h˜u(t, 0) = E h˜v(t, 0), h˜v(t, l) = Dh˜u(t, l)
h˜u(0, x) = hu(x), h˜v(0, x) = hv(x).
7 z0    
  !  F$6  
Stz0 = z0 ! t ≥ 0.
5
   
 = F$ DSt(z0)    C0  	2 
 X
# 
 
;	
 ! 5 * ' A6 5 B(  
 	 '7 
 = %  (	   z0   	
  /   	'

	0 	
 DSt(z0) 	 	  	 
 	  ω0 > 0 
M > 0   ∥∥DSt(z0)∥∥L(X) ≤ Me−ω0t 
 t ≥ 0.
 z0 	 	  
  	
 1 S
t
, 
 	  	
 U
 z0 	 X   N > 0 ω ∈ ]0, ω0[   
  z ∈ U
ω(z) = ∞  ‖z(t)− z0‖ ≤ Ne−ωt 
 t ≥ 0.
5 
	 ;	 
   $   
     !   	2 DSt(z0) #

        2 	
 !  2
K(x)
∂
∂x
+ D(u,v)H(x, u(t, x), v(t, x)) + 	
 F 
 
  

 
  2- : 
 !  2 X 5   $&   
  	 	  2  
! (LH)
5  2     
 AE6 1B
 	  	

 
    
 $  F 
   $  
  	
 
  
.
0
 0 < x < l 
 t > 0
(SHD)
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
∂
∂t
(
u(t, x)
v(t, x)
)
= K(x) ∂
∂x
(
u(t, x)
v(t, x)
)
+ H(x, u(t, x), v(t, x)),
d
dt
[v(t, l)−Du(t, l)] = F (u(t, ·), v(t, ·)),
u(t, 0) = E v(t, 0),
u(0, x) = u0(x), v(0, x) = v0(x),
$ F : C([0, l],Rn) → Rn2   Ck  $  	
 
 	
 ! 
 
		
   
 	
 
 		 -    u 	   H = 0  (SHD) 		)  


 	 	2
	 & 	 n1 = n2 E = In1  H = 0 (SHD) 
 	 	2
	 	  
  34 
 56
 
   22 2
(HD0)
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∂
∂t
(
u(t, x)
v(t, x)
)
= K(x) ∂
∂x
(
u(t, x)
v(t, x)
)
,
d
dt
[v(t, l)−Du(t, l)] = 0,
u(t, 0) = E v(t, 0),
u(0, x) = u0(x), v(0, x) = v0(x).
  2 2 $ 
X := {(u, v) ∈ C([0, l],Rn) | u(0) = Ev(0)} .
#  
 82  
  $ 
 	   	2 T (t) ! (HD0). v0    !  
!6 F  x = 0   E  u6 
 -
  x = l  D   u 2	  


 v0(l) − Du0(l) '   	 
  
 
		( 5 
 ! T (t)  
 
  A
(
u
v
)
= K∂x
(
u
v
)
$   

D(A) =
{
(u, v) ∈ C1([0, l],Rn) | u(0) = Ev(0), Ku(0)∂xu(0) = EKv(0)∂xv(0),
Kv(l)∂xv(l) = DKu(l)∂xu(l)
}
.
 	  2
 

X∗ =
{
([ρ], [σ]) ∈ BV ([0, l],Rn) | ρ, σ    
 
		 
 ]0, l[ , '(
ρ   
 
		  
 0
}
.
1
 		 ([ζ ], [η]) ∈ D(A∗)  A∗ ([ζ ], [η]) = ([ρ], [σ]) 	   	 
 	


	 ρ˜ ∈ [ρ] σ˜ ∈ [σ] 	 	
ρ˜(l) = 0, σ˜(l) = 0, ρ˜(0)E + σ˜(0) = 0
 
 	  
 
 c ∈ Rn2  
[ζ(·)] =
[
t →
{ ∫ l
t
ρ˜(x)K−1u (x) dx, 0 ≤ t < l
−cD, t = l
]
, '(
[η(·)] =
[
t →
{ ∫ l
t
σ˜(x)K−1v (x) dx, 0 ≤ t < l
c, t = l
]
.

 %	22 ([ζ ], [η]) ∈ D(A∗) 
 A∗ ([ζ ], [η]) = ([ρ], [σ]) 5  
 
∀(u, v) ∈ D(A) :
〈
([ζ ], [η]), A
(
u
v
)〉
=
∫ l
0
dμζ Ku ∂xu +
∫ l
0
dμηKv∂xv '(
=
∫ l
0
dμρu +
∫ l
0
dμσv
= ρ(l)u(l) + σ(l)v(l)− (ρ(0)E + σ(0)) v(0)
−
∫ l
0
ρ ∂xu dx−
∫ l
0
σ ∂xv dx.
 
 =  2
  ρ 
 σ 	 
ρ(l) = 0 
 σ(l) = 0. '*(
 :- 0 < s1 ≤ t1 < l $ 
   	
 ;	
 (un, 0) ∈ D(A) 	 
Ku∂xun →n→∞ χ[s1,t1]ej 
  
    
 '(  2 
      $ 
∀s1,t1∈[0,l[ : ζ(t1)− ζ(s1) = −
∫ t1
s1
ρ(x)K−1u (x) dx. '0(
  $  
  2
 
 ! X∗ $ ζ   
 
		  x = 0
 
 
 '*( 
 '0(  
 '( $   
 ζ   $    9	2  x = l
(ζ(l)− ζ(l−))Ku(l)∂xu(l) +
∫ l
0
dμηKv∂xv = − (ρ(0)E + σ(0)) v(0)−
∫ l
0
σ ∂xv dx.
 & 
  ;	
 (un, vn) ∈ D(A) 	  vn(0) = 06 ∂xun(l) = 0 
 Kv∂xvn →n→∞
χ[s1,t1]6 $ 0 ≤ s1 ≤ t1 < l6 $ 
∀0≤s1≤t1<l : η(t1)− η(s1) = −
∫ t1
s1
σ(x)K−1v (x) dx. '1(
E
% η   
 
		  
 x = 0 	    9	2  x = l  
 
 '1(6 '*( 
 '0(
 
 '(  
∀(u, v) ∈ D(A) : ((ζ(l)− ζ(l−)) + (η(l)− η(l−))D)Ku(l)∂xu(l)+(ρ(0)E + σ(0)) v(0) = 0.
<

(ζ(l)− ζ(l−)) + (η(l)− η(l−))D = 0 
 ρ(0)E + σ(0) = 0.
 5 0 
 '*( $ 
X =
{
(μ, ν) ∈ X∗ | μ(A) =
∫
A
ρ(x) dx− cDδl, ν(A) =
∫
A
σ(x) dx + cδl,
(ρ, σ) ∈ L1([0, l],Rn), c ∈ Rn2
}
.
< δl : B→ R       
 {l} 
 c, ρ, σ  $ 
  $ 
	 ‖μ‖V ar = |cD| + ‖ρ‖L1([0,l],Rn1) 
 ‖ν‖V ar = |c| + ‖σ‖L1([0,l],Rn2) $  
 
X    2   L1([0, l],Rn)×Rn2 6
X  L1([0, l],Rn)×Rn2 .
   $ T(t)  
 X 7 (ρ, σ, c) ∈ X  L1([0, l],Rn)×Rn2 
(
u
v
)
∈ X


(
uˆ
vˆ
)
= T (t)
(
u
v
)
  
〈T(t)(ρ, σ, c),
(
u
v
)
〉 = 〈(ρ, σ, c),
(
uˆ
vˆ
)
〉
=
∫ l
0
ρ(x)uˆ(x) dx +
∫ l
0
σ(x)vˆ(x) dx + c (vˆ(l)−Duˆ(l))
=
∫ l
0
ρˇ(x)u(x) dx +
∫ l
0
σˇ(x)v(x) dx +
(
c +
∫ l
γ(t)
σ(x) dx
)
(v(l)−Du(l)) .
<

T(t)(ρ, σ, c) = (ρˇ, σˇ, c +
∫ l
γ(t)
σ(x) dx).
< ρˇ    
 ! ρ  ! 
 
 	 
     2 −Ku 

-
 
  x = l $  σ ·D6 	 2    H 
 σˇ    
    
 

! σ $  2 −Kv 
 -
 
  x = 0 $  ρ · E6 	 2    H 
 γ(t)
   Rn2  $  2

     
 $   2 
 x = l  
  ! 	 
   t 	 
     2 Kv

 	  
  
 : 

X∗  L∞([0, l],Rn)×Rn2

 	 T∗ 
 L∞([0, l],Rn)×Rn2   	
 
⎛
⎝fg
d
⎞
⎠ ∈ L∞ ×Rn2 

$  (ρ, σ, c) ∈ L1([0, l],Rn)×Rn2  X $ 
〈T∗(t)
⎛
⎝fg
d
⎞
⎠ , (ρ, σ, c)〉 = 〈
⎛
⎝fg
d
⎞
⎠ , (ρˇ, σˇ, c +
∫ l
γ(t)
σ(x) dx)〉
=
∫ l
0
ρˇf(x) dx +
∫ l
0
σˇg(x) dx +
∫ l
γ(t)
σ(x) dx · d + c · d
=
∫ l
0
ρ(x)fˆ(x) dx +
∫ l
0
σ(x) ˆ(g, d)(x) dx + c · d.
$
ˆ(g, d)(x) 
 ! 
 
 ! g $     2 Kv -
 
  x = l
$  D · f + d fˆ(x) 
   
 
 ! f $     2 Ku -

 x = 0 $  E · g
 		  
 7	  t ≥ 0
T∗(t)
⎛
⎝fg
d
⎞
⎠ =
⎛
⎝ fˆˆ(g, d)
d
⎞
⎠ .
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9 
 j : X → X∗ &  !
j
(
u
v
)
=
⎛
⎝ uv
v(l)−Du(l)
⎞
⎠ .
5 -
  	2 T∗    & T 9	     
   
 !  
 -
 

 !  
 	 
 v(t, x)  x = l   !	
v(t, l) = Du(t, l) + d, d ∈ Rn2 ,
 
  2   
 
		 

  ! d = v(l) − Du(l) 
  	 
   
 X6 
 
  $ j ◦ T (t) = T∗ ◦ j
# 
  '0*(  2 t → T∗(t)
⎛
⎝fg
d
⎞
⎠
  
 
 
		  ! 
 
  !
⎛
⎝fg
d
⎞
⎠ ∈
j(X) <

X = j(X)  X.
K
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! 7 E  	 ) $ 
 		   (
u
v
)
∈ X →
(
H(u, v)
F (u, v)
)
∈ X∗
	 Ck 
 
  !$ 
 :
  
 $ 
   
 ! X $  j(X) ⊂ X∗
  	 '  
 ! 

 !	(	   T > 0  	
 (u, v) ∈ C([0, T ], X)
	   	 
  	  (SHD) 	
(
u(t)
v(t)
)
= T (t)
(
u0
v0
)
+
∫ t
0
T∗(t− s)
(
H(u(s), v(s))
F (u(s), v(s))
)
ds.
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